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STUDY OF THE UNSTEADY TEMPERATURE FIELD IN A SPHERICAL BODY 

USING CHEBYSHEV--LAGUERRE POLYNOMIALS 

V. A. Galazyuk and Ya. Yu. Kolyano UDC 536.2 

We discuss a method of solving axisymmetric boundary-value problems for the 
parabolic heat equation in spherical coordinates based on the use of 
Chebyshev--Laguerre polynomials. 

The unsteady heat conduction of a spherical body subject to nonuniform axisymmetric 
heating of its surface reduces to the solution of a boundary-value problem for the parabolic 
heat equation. The Laplace transform in time leads to significant computational difficulties 
in this case. We discuss a new method of finding the unsteady temperature field in a spherical 
body subject to local heating. The method is based on the use of Chebyshev--Laguerre poly- 
nomials [i]. 

i. Consider a hollow sphere and define spherical coordinates (r, 0,T) in the usual way. 
The outer and inner surfaces of the sphere are subject to heat exchange according to Newton's 
law into media with temperatures T~c(8, F), respectively. 

The temperature field T(y, 0, F) inside the sphere is found by solving the following axi- 
symmetric mixed initial-value--boundary-value problem: 

[(1 -]- 8Y)2 - ' ~  ] (1-t- ey)2 sin O a Z  0 ( ) 1 0 0 T  " t - sinO or  OT 
(l-l--By) 2 Oy O0 = ~-~ , --1~?~1, 0 ~ 0 - - ~ ,  ( i )  

OT ~• (2) .--~-? ] ~Bi•177 0)1=0~ y=_l ,  

T(y, 0, F)=0, F~0, (3) 
where r = R(I + cy) is the radius of the sphere, ~ = h/R; F = a~;/h 2 is the Fourier number; 
Bi + = =• t are the Blot numbers on the surfaces y = +i. 

The integral formula 

oo 

T.m(y)----- ( t n ~ + ) ~ i ' e x p ( - - k F ) L . ( k F )  [Jo T(y, 0, F)Pm(cosO)sinOdOldF ' n, tn-~()", oo. (4) 

defines a double integral transform of the function T(y, 0, F), where Ln(%F) are the 
orthogonal Chebyshev--Laguerre polynomials; Pm(cos0) are the orthogonal Legendre polynomials 
[2]; X is a positive parameter which we call the regularization, parameter. 
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oo 

T,~ (7, O) = X T,,,,~ (7) Pm (cos 0), n = 0, oo, 
m=O 

(5) 

then the series 
oo 

T (7, O, F) = s X' T,, (y, O) L,, (~F) 
n ~ 0  

serves as an inversion formula of the integral transform (4). 
form (4) to the problem (1)-(3), we obtain tbe problem 

(1-+-ey) z dy ~ T , ~ m  - -  ;~+ 

(6) 

Applying the integral trans- 

n - - I  
earn (m + 1) T,m = ~ X Tk'~' 

(1 -[- gT) 2 (7) 
k=O 

dT~,~ ) •  + 
-4- Bi :~ [T~  - -  Tg,,~] = 0~ Y = -4-1. (8) 

dy 

The general solution of the triangular system of ordinary differential equations (7) can 
be written in the form [3] 

_n_ 
= ~ "A m 7'.m (7) L ,~_:u:,,, (7) + Bn_:W,,~ (7)], 

m 

]=0 
(9) 

All?, . where n-l,  Br'm'-'j are constants which can be determined from the boundary conditions (8). In 
view of the structure of the general solution (9), the algebraic system of equations for the 

A m . arbitrary constants n-1 and Bn-im will always have the form of a triangular matrix. The 
functions Gjm(Y) and Wim(y) are linearly independent particular solutions of the system (7). 
Using the following eaNily verified identities for the modified spherical Bessel functions 

[ I d (xz d.._~l__l 
x ~ dx \ dx / 

re(m§ 1) I " 
x z [x I k m _ : ( x ) ]  ---- - -2 i x  i-1 kin_i+ x (x), 

V 1 d (xz d_.__d_l__l m ( m + l )  ] 
x 2 dx  \ dx  / x ~ [xJ im-i (x)] = 2 / - 1 % _ j + ~  (x), 

V2 
(where x =  (I + e y ) ;  k~(x), i,~(x) a r e  t h e  m o d i f i e d  s p h e r i c a l  B e s s e l  f u n c t i o n s  [ 4 ] ) ,  

8 

c t i o n s  Gjm and Wjm can be r e p r e s e n t e d  i n  t h e  form 
i 

X m h m . 
Gi~ (7) = ajkx ira_ k (X), Go~ (7) = Coo ~m (x), 

h=l 

i 
v , ~  (v) = ~ b%x ~ k _ ~  (x), Vo., (v) = b~o k~ (x). 

(io) 

the fun- 

(!i) 

Substitution of these solutions into system (7) reduces the problem to a set of recursion 
relations for the constants a~ and b m~ (using the method of undetermined parameters): 

1 a~ = - - c o o ,  ] = 1 ,  n; 
2 

m 1 i - I  
al,k+l : ~ f; 2 ( k + l )  z"am'  ]----2, n, k = l ,  ] - -  

l=k (12) 

-- boo, ] :  1, n; 
2 

bi m, k+ 1 ---- 1 i -  1 E m 2(k-+-1) bth, ] = 2 ,  n, k 1, ] - - 1 ,  
l=h  
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m where the arbitrary constants a00 and boo are determined from the normalization conditions. 
We note that when a~0=b~0 

bTk=(--1)~a~, i = l ,  L k = l ,  /, j ~ k .  

2. When the heating of the spherical body is uniform (the centrally symmetric case) 
the temperature field T(y, F) is determined by the following boundary-value problem: 

I O [ ,z aT ] 
(1 + av + ] = - -  

[ aT-) •  +[T+--T~(F)]=0, 
k : 

T(y, F) = O, F ~ O ,  

where  T~(F) = toS+(F), TU(F)= O, to = const. 

From (4) with m = 0 

r .  (y) = ,f T (% F) exp (--XF) L. (XF) dF 
0 

is the solution of the boundary-value problem 

where 

is the Kronecker delta. 

aT (13) 
OF 

y=_+_l ,  

1 rt--1 1 d (1 + ev) ~ d 
IX + ~V)2 d~ " l --" ~ T:, - -  %T,, := s X Th, 

k=O 

? = + I ,  
% 

O~ W = --1, 

to Bi+ 6o,, 
( ~ " ) +  + Bi• = 

(14) 

(15) 

(16) 

(17) 

(18) 

6u = {1, i = ] 
O, i ~  j (19) 

With the help of (9) the general solution of (17) takes the form 

Tn (y) = ~ [An-/Gj (y) -J- Bn_iWj (y)], 
i=o 

(19) 

where An-j and Bn-j are constants determined from the boundary conditions (18), and the 
functions Gj(y )  and Wj(y) can  be r e p r e s e n t e d  i n  t h e  f o l l o w i n g  form,  w i t h  t h e  h e l p  o f  ( 1 1 ) :  

] 
Gj (?) = ~ a~hx k i_k (x), Go (V) = aoo io (~, 

k = l  
(20) 

i 
Wj (?) = ~ (--1) k ajax ~ kh (x), Wo (?) = aoo ko (x). 

4=1 

Here  k~(x)=k_~(x)  [4 ] ,  and  t h e  c o n s t a n t s  a j k  a r e  d e t e r m i n e d  f rom r e c u r s i o n  r e l a t i o n s  s i m i l a r  t o  
[12] 

1 
a j l = ~ a o o ,  1 =  1, n] 

1 i-1 ( 21 )  
ai'h+l 2 ( k + l )  ~ a t ~ '  1 = 2 ,  n, k =  1, ] - - 1 ,  

where the arbitrary constants a00 is taken to be equal to unity in the calculations below. 

The constants An- j and Bn- j can be found by substituting the general solution Tn(Y) of 
[17] (given by (19)) into the boundary conditions (18). 

For n = 0 the problem (13)-(15) has the solution 
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To(y)=  t~ {[-I/~-k; (x-) - -  Bi-ko (x-)] io (x) - -  l l ; i io (x-i--Bi-io. (x-)] ko(x)} ,. (22) 

where  A = ['V~is (x +) q- Bi+io (x+)l[]/~k; (x-) - -  Bi-ko (x-)] .-- ['l/'~kg (x +) -ff Bi+ko (x+)l []/Ms (x-) - -  Bi-io (x-)l; x • = 
-V~ le ( l •  , . .  denotes the derivative with respect to x. 

For n = I, 2, ..., we substitute (19) into the boundary conditions (18) and obtain a sys- 
tem of algebraic equations for the constants An_ j and Bn-j. Successive subtraction of this 
system of equations reduces it to a system of algebraic equations for the constants A n and Bn: 

A. [V~io (x+) q- Bi+io (x+)] q- B~ []/~,k; (x +) q- Bi+ko (x+)l = f~- (?  -- q- 1 ) ,  

A,~ [-I/~ii (x-)--Bi-io (x-)] 4- B.. [-I/i--k; (x-)-- Bi-ko (x-l] = fn (y  = - -  1 ) ,  

(23) 

where 

, , ,  - - ' -  

With the values of the coefficients An and B n found from system (23), the solution of 
problem (13)-(15) is determined from (6) by the following series 

o (v, F) = ~ 9 ,  ~ EA,,_~C~(v) + B,,_~V~ (V)l L,~ (Zr), O (V, F) -- T(V, F) 
t o  ~YYo= i=o to (24) 

3. We now find the solution of the problem (13)-(15) using finite integral transforms. 
The function T(Y, F) is written as a sum 

T (v, F) = T~ (V) + To_ (v, F). (25) 

Here TI(y) is the solution of the steady-state problem 

and has the form 

d[ 2dT] 
(1-[-ey)z d y  (1--]--ey/ ~ = 0 ,  

dr,  ~ • 
J •  •  ( y = - + - I  )9 

(26) 

(27) 

g 

where B•177 

The function Tz(y, 

T1 (?) = 
/oBi+ ( 1 q- e) [ 1 q- B- (1 + ?)1 
(I -4- eY) (B + + B- -+ 2B+B -) 

F) is the solution of the nonsteady problem 

OT 2 
1 0 [ ( 1 + ~ ? ) 2 ~ 2 ~ .  = OF 

(1--{-e~) z O? L 

(___~__)OT= • _4_ Bi+T~: = 0 (V = ~ 1 )~ 

v~ (~,, o) = - -  T~ (y). 

(28) 

(29) 

(30) 

(31) 
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After performing the substitution Ti(y, F) ---- ti (?, F)/(I q- ey) (i = i, 2) we obtain 

Ozt2 or2 
Oy z OF (32) 

( o t ,  '~+ + B+i~: = 0 ( v = + l ) ,  
0 v ] -- -- (33) 

/z(?, O) = -- ll (Y), (34) 

whose solution can be found by reducing it to a Cauchy problem with the help of a finite inte- 
gral transform with respect to the variable y [5]. 

As the kernel of the finite integral transform in y, we choose the orthonormal system 
of functions 

~ (~,) = o~ cos (~,,~y + ~.), 
(35) 

which are the eigenfunctions of the Sturm--Liouville problem 

r I ~- 

~;; + ~.%. = 0, 

�9 ( ) (q~)• q% = 0  y = - + - I  , 

./ 2k,~(1 + TI 2) 
2~,~ q-- sin 2k~ + r[ 2 (2~,~ -- sin 2~,~) 

;~.. sin ;~,~ - -  B-cos L~ sin 6. = - -  (B- etg ~. - -  %.) sin L., 
L. cos ~,. q- B-sin ;~. ' -I/~,~ + (B-)Z 

cos 8. = (k~ ctg k .  + B-)  sin L. , 
7/x~ + (B-)~ 

(36) 

where % n are the roots of the transcendental equation 

tg 2Ln B + -I- B- 
2 ~. kn-- B+ B -  

(37) 

then the function tz(y, F) can be represented as the series: 

t~ (v, F) = 2 t~,. (F) %, (V), 
n = 0  

(38) 

and 

I 

t~, ~ (F) = j" t, (V, F) ~% (V) dr. (39) 

With the help of (39), (32), and the initial conditions (34) we find 

dt2,n 2t 
d----F + Xn 2,~ = O, 

t~.,~ (0) = - -  tl,,~ = const. 

The solution of the Cauchy problem (40) has the form 

2toBi+ (1 + e) [(1 + B-)A,~ sin L.  - -  B-B~ (cos k~ 
tz,~ (F) = --  B + + B-  + 2B+B- 

where 

sin ~,.._________~ ) ] Z,,, exp (--  L~F) ~,~ 

(40) 

(41) 
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Fig. I. Dependence of the dimensionless temperature e 
on the Fourier number F for different Bi + and e: a) 
Bi + = 0.5; b) Bi + = i, c) Bi + = I0, d) Bi + = i0. 

2 ~  + sin 2 ~  + ~z (2%~ - - s i n  2 ~ )  ' B,~ = - -  ~tA,, .  ( 4 1 )  

Hence s u b s t i t u t i n g  (41) i n t o  (38) ,  we o b t a i n  the  s o l u t i o n  of t he  problem (32) - (34)  and 
t h e r e f o r e  t he  r e q u i r e d  t e m p e r a t u r e  f i e l d  of  t he  problem (13) - (15)  t ake s  the  form 

0(% F ) =  B i + ( l + s ) /  I - 6 - B - ( l + ? )  
1 +  ~7 \ B+ + B-  + 2B+ B - 

(42) 
- - 2 ~  {~,~ cos [)~ (1 + ~,)1 + B-sin [~  (1 + ~)1} exp (-- ~ F) . \  

=l ~',~ {~'~ [1 -+- 2 (B+-i.B-)]+B+B-/~,~}sin 2~,,~-+-2~,,~(~.]--B+B-)cos 2;~,~/' 

where O(?, F) = T (% F)#0 

We note that the solution of (13)-(15) found with the help of the Laplace transform can 
also be written in the form (42). 

4. The solution was computed numerically using (24) and (42) for y = --I, Bi- = 0 (corre- 
sponding to a thermally insulated inener surface for the sphere), Bi + = 0.5, i, i0. The re- 
sults are shown in Fig. I, where the dashed curves show the temperature found by the Cheby- 
shev--Laguerre polynomial method, and the solid curves show the temperature found using finite 
integral transforms or the Laplace transform. The regularization parameter I was chosen to 
be unit and the series (24) and (42) were cut off at n = 30 and n = I0, respectively. We 
note that by adjusting the regularization parameter, it is possible to obtain the same 
temperature field by the different methods over the entire interval of the time variable, 
so long as the argument of the functions Ln(XF) satisfies the condition ~F~5. It can 
also be shown that when the relative thickness satisfies c~_0.03, the temperature field 
inside a spherical body is the same as that inside a layer of thickness 2h (~ = O) for the 
same initial and boundary conditions to within an error of no more than 5%. 

NOTATION 

T, temperature; r, 0 , ~ , spherical coordinates; �9 , time; R, mean radius; h, half- 
thickness of the spherical wall; u dimensionless coordinate normal to the surface of the 
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spheres; a,%t, thermml diffusivity and thermal conductivity, respectively; ~• coefficients 
of heat exchange with the surfaces Y = • T~ temperatures of the external media interacting 
with the surfaces y = • @(?, F), dimensionless temperature; to, initial temperature. 

11 
2. 

3. 

4. 

5. 
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